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Wrinkling strainFor a membrane structure, wrinkles have an important effect on its mechanical behaviors. Wrinkling
level characterizes the development of wrinkles and reﬂects the performance of a membrane in its
service, and it plays a very signiﬁcant role in the wrinkling analysis. The shell elements combined with
the stability theory would be an ideal solution to the wrinkling problem. However, this approach requires
a dense mesh and the computation is very time consuming. Also the wrinkling parameters are very sen-
sitive to the size of shell elements. Existing wrinkling models based on membrane elements are derived
from the Tension Field Theory which are incapable of describing fully the wrinkling behaviors.
A new wrinkling model adopting the wrinkling strain as a measure of the wrinkling level is proposed in
this paper to address these issues. According to the analogy between the wrinkling strain and the elasto-
plastic strain, a wrinkling potential surface is assumed to exist and its normal direction deﬁnes the direc-
tion of the wrinkling strain tensor by virtue of the ﬂow rule. Based on the consistent condition of the
wrinkling potential surface, a modiﬁed constitutive tensor is obtained. To avoid the switching of the
wrinkling state in the numerical solution, a new wrinkling criterion is proposed, in which the predomi-
nant inﬂuence of the previous state is included. Besides, a new approach to determine the wrinkling ori-
entation is given to improve the efﬁciency of convergence in the slack region. The objectivity of the
wrinkling coordinate frame is also demonstrated as an accompanying set of results. Finally, two bench-
mark problems are analyzed with the proposed wrinkling model, and their results are compared with
those in the literatures. Results indicate that the proposed wrinkling model is valid and accurate to char-
acterize the wrinkling level of a membrane and it exhibits efﬁcient convergence even in the slack region.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Membranes are commonly found in long span structures such
as stadiums, airport terminals and exhibition halls, and aero-
spatial inﬂated or deployable structures including radar antennae
and solar sail, etc. Due to its very small bending stiffness, a mem-
brane will readily buckle under a small amount of compressive
stress. This buckling behavior as shown in Fig. 1 (Wong and
Pellegrino, 2006a), is called wrinkles.
In the wrinkled region, only the stress along the wrinkling
direction exists while stress and stiffness in the perpendicular
direction vanish. This behavior of wrinkles will evidently inﬂuence
its mechanical behaviors. As a major problem in the application of
a membrane structure, wrinkling has aroused interest from many
researchers with many theoretical (Libai and Givoli, 2002; Wongand Pellegrino, 2002, 2006b; Wang et al., 2008) and experimental
(Wong and Pellegrino, 2006a; Miyamura, 2000; Lecieux and
Bouzidi, 2010) results. Some of them have been applied to
numerical analyses (Lu et al., 2001; Wong and Pellegrino, 2006c;
Shaw and Roy, 2007), studies on dynamic problems (Liu et al.,
2013) and on inﬂated membranes (Wang et al., 2010, 2012a,b) in
recent years.
To eliminate the spurious compressive stresses and avoid the
convergence difﬁculties due to the abrupt change of stiffness in
the direction perpendicular to the wrinkles, this behavior was trea-
ted in these documents as a pseudo-dynamic process (Pimprikar
et al., 2010; Lee and Youn, 2006; Flores and Oñate, 2011). Prof.
Steigmann and his team (Haseganu and Steigmann, 1994; Atai
and Steigmann, 1998, 2012, 2014; Taylor and Steigmann, 2009;
Taylor et al., 2014) developed a method of dynamic relaxation
based on a relaxed strain energy function and achieved excellent
and meaningful research fruits. In this method, a relaxed strain
energy function, which furnishes the least possible value of the
energy that a membrane can attain by wrinkling, was introduced
to improve the membrane theory. The function automatically
Fig. 1. Wrinkles in a rectangular membrane under shear displacement (Wong and
Pellegrino, 2006a). Fig. 2. Wrinkled and lengthened surfaces (Lu et al., 2001).
1 The ﬂow rule was derived from the elasto-plasticity theory, which deﬁnes that
the direction of the incremental plastic strain tensor is orthogonal to the plastic
potential surface. In this paper, the ﬂow rule deﬁnes that the direction of the
incremental wrinkling strain tensor is orthogonal to the wrinkling potential surface.
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compressive stresses (Haseganu and Steigmann, 1994). The equi-
librium states were regarded as the long time limits of a damped
dynamical problem discretized by the ﬁnite difference method,
which does not require the computation of stiffness matrices and
avoids the convergent problems induced by their ill-conditions in
presence of wrinkling or slackening. Furthermore, the mass and
damping of the system can be adjusted as needed to ensure the
rapid decay to the equilibrium since the dynamical system is not
related to the physical characteristics of a membrane.
Wrinkles in a membrane originate from the out-of-plane buck-
ling deformation under the compressive stress. Therefore, the
wrinkling problem can be regarded as one of characterizing the
deformation of a sheet well into the pose-bucking range (Taylor
et al., 2014). Another approach has been adopted (Wong and
Pellegrino, 2006c; Flores and Oñate, 2011) for study, with a thin
shell element including both membrane and bending contribu-
tions, and the amplitude and wavelength of wrinkles could be
obtained in detail. The difference between the wrinkling and buck-
ling problems is that a wrinkled membrane is usually attended by
signiﬁcant stretching (Taylor et al., 2014). Prof. Steigmann and his
team (Taylor et al., 2014), based on Koiter’s nonlinear plate theory,
improved the approach and proposed an accurate model of thin-
sheets, which can be used to predict the details of the deformation
in wrinkled regions for general problems involving signiﬁcant
stretching. Their results exhibited excellent agreement with avail-
able experimental data and those from the Tension-Field Theory in
which wrinkles were regarded as being continuously distributed
under negligible compressive stress (Atai and Steigmann, 1998)
and yields the minimum strain energy via its quasi-convexiﬁcation
(Atai and Steigmann, 2014).
The third approach to the wrinkling problem is to introduce a
mathematical model of wrinkles (called a wrinkling model). It
serves to remove the artiﬁcial compressive stress, to determine
the wrinkling direction, and to eliminate the in-plane stiffness in
the direction perpendicular to wrinkles. These wrinkling models
are usually based on the Tension Field Theory presented by
Wagner (1929) and they can be categorized into two types
(Jarasjarungkiat et al., 2008). The ﬁrst type is to modify the defor-
mation gradient tensor (Roddeman et al., 1987; Miyazaki, 2006).
The approach to modify Green’s strain tensor (Epstein and
Forcinito, 2001; Hornig and Schoop, 2003; Raible et al., 2005) can
also be classiﬁed as this type. The second type is to modify the con-
stitutive tensor, and it can be further divided into three subtypes.
The ﬁrst approach is to modify the components of the constitutive
tensor (Jarasjarungkiat et al., 2008; Kang and Im, 1999; Gal et al.,
2011; Yang et al., 2011; Rossi et al., 2005). The second one is to
modify the material constants such as the elastic modulus and/or
Poisson’s ratio (Stein and Hedgepeth, 1961; Miller and
Hedgepeth, 1982, 1985; Ding and Yang, 2003; Zhao et al., 2011).
The last one is to post-multiply the constitutive matrix with a pro-
jection matrix (Akita et al., 2007; Jarasjarungkiat et al., 2009).
These two types of wrinkling models are in fact consistent and
inter-related (Miyazaki, 2006).These existing wrinkling models could determine the wrinkling
direction and remove the artiﬁcial compressive stress by eliminat-
ing the in-plane stiffness in the direction perpendicular to wrin-
kles. But they fail to evaluate the wrinkling level owing to the
intrinsic defect in the Tension Field Theory. The common concerns
with wrinkles are not just conﬁned to the information about the
wrinkle orientation and its distribution in the wrinkling analysis.
Wrinkling level or the level of wrinkling of a membrane is also of
interest, and its measurement will contribute a lot to the knowl-
edge on the wrinkling behaviors and to the objective evaluation
of performances of a membrane. A high surface smoothness is
required particularly for the aero-spatial facilities such as solar
sails, etc., and measuring wrinkling level as an approach to evalu-
ate the surface roughness is of great signiﬁcance.
In this paper, improvement of wrinkling models based on the
Tension Field Theory is mainly concerned and a new wrinkling
model enabling the measurement of the wrinkling level of a mem-
brane and evaluation of its performance in service will be
presented here. According to the analogy between perfect plastic
deformation and wrinkling deformation, and the existence and
uniqueness of a relaxed energy function as demonstrated in
Epstein (1999), it is assumed that the total strain tensor is com-
posed of the elastic strain tensor and the wrinkling strain tensor,
and that a wrinkling potential surface exists the normal of which
deﬁnes the direction of the incremental wrinkling strain tensor
(the normality rule was also conﬁrmed in the literature (Epstein,
1999)). A newwrinkling model is derived from the ﬂow rule1 based
on this assumption. A new wrinkling criterion and an approach to
determine the wrinkling orientation are also proposed. Additionally,
the objectivity of the wrinkling coordinate frame in the different
conﬁgurations is also demonstrated. Finally, some benchmark
examples will be analyzed with the proposed wrinkling model,
and their results are compared with those in the literatures to verify
its accuracy and validity.
The content of this paper is as follows: Existing wrinkling mod-
els will ﬁrstly be discussed; A new wrinkling model based on the
wrinkling potential is then proposed; The determination of wrin-
kling state and the wrinkling direction will then be explained;
Finally, two benchmark examples are analyzed with the proposed
wrinkling model to illustrate the accuracy and capability of
measuring the wrinkling level; The paper is then concluded with
conclusions and future development.2. Existing wrinkling models in literatures
2.1. Description of wrinkles
As mentioned above, a membrane with a very small bending
stiffness will buckle under a small amount of compressive stress.
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that the bending stiffness is small enough to be neglected, a mem-
brane is uniaxially tensioned in the wrinkled region. Wrinkles are
along the tensile principal direction, which can be denoted by the
unit vector t as shown in Fig. 2 (Lu et al., 2001). The unit vectorw is
perpendicular to the vector t, along which the stress and the
stiffness of the membrane vanish.
In Fig. 2, the curved surface ABCD is the current conﬁguration of
a wrinkled membrane. The plane surface AB0C0D is the pseudo-
conﬁguration obtained when the wrinkled membrane ABCD is
pulled along w to its own full length without changing its stress
state. It is obvious in Fig. 2 that wrinkles result in the contraction
of the dimension of the membrane in the direction of w with an
amount of contraction bl where b ¼ BB0
AB
> 0.
Owing to the contraction, the pseudo-strain and pseudo-stress
along the direction from the elastic constitutive relationship would
contradict the reality. Some measures are needed to correct this
discrepancy and to objectively characterize the mechanical
behaviors of a wrinkled membrane.
The usual measure adopted in existing literature is to introduce
a wrinkling model into the analysis, as mentioned in Section 1. All
wrinkling models are described by tensors on the basis of the wrin-
kling coordinate system (t; w). Therefore, differential geometry of
surfaces and transformation from a Cartesian coordinate system
into the wrinkling coordinate system (t; w) will be discussed in
the next two sub-sections respectively before the wrinkling mod-
els are described.
2.2. Differential geometry of surfaces (Lu et al., 2001; Lee and Youn,
2006; Miyazaki, 2006; Valdés et al., 2009)
The reference conﬁguration of a membrane and its current con-
ﬁguration are denoted by X0 and X, respectively. A Point P on the
mid-surface of the membrane can be determined by the position
vector X on X0 and by the position vector x on X, and these posi-
tion vectors are deﬁned by a curvilinear coordinate system (n1; n2).
The covariant base vectors of the curvilinear coordinate system on
X0 and X are deﬁned, respectively, as Ga and gb, where the Greek
index a and b take up values of 1 and 2. The contravariant compo-
nents of the metric tensor on X0 and X can be represented as G
a
and gb. Their relationship can be determined by the equations
Ga ¼ GabGb, ga ¼ gabgb, Ga ¼ GabGb and ga ¼ gabgb, where
½Gab ¼ ½Gab1, ½gab ¼ ½gab1, Gab ¼ Ga  Gb, gab ¼ ga  gb,
Gab ¼ Ga  Gb and gab ¼ ga  gb.
The deformation gradient tensor F and the Green’s strain tensor
E can be formulated as:
F ¼ ga  Ga ð1Þ2 In this paper, matrices and tensors are denoted in bold italic type with and
without square brackets, respectively. The stress vector ½S ¼ ½ S11 S22 S12 T and the
strain vector ½E ¼ ½ e11 e22 2e12 T, where Sab and eab are components of ½S and ½E
in the Cartesian coordinate system, respectively.E ¼ 1
2
FT  F  I
 
¼ EabGa  Gb; Eab ¼ 12 ðgab  GabÞ ð2Þ
where I is the second order unit tensor. The second Piola–Kirchhoff
stress tensor (PK2) S is deﬁned as S ¼ SabGa  Gb, where Sab is the
contravariant component of the PK2 stress tensor. The Cauchy
stress tensor r can be obtained as:
r ¼ J1F  S  FT ¼ rabga  gb; rab ¼ J1Sab ð3Þ
where J is the Jacobian and J ¼ detðFÞ. The Green–Lagrange strain
tensor E and the PK2 stress S are connected by the constitutive
tensor C:
S ¼ C : E ð4Þ
where C ¼ CabngGa  Gb  Gn  Gg, the Greek indices n; g take up
values of 1 and 2.2.3. Transformation matrix
Although equations in Section 2.2 are obtained based on an
arbitrary curvilinear coordinate system, a Cartesian coordinate sys-
tem (x; y) is usually adopted in the ﬁnite element formulation.
Stress and strain vectors of an element in the local Cartesian coor-
dinate system (½S; ½E2) can be transformed into those in the wrin-
kling coordinate system (½S^; ½E^) by Miyazaki (2006):
½S^ ¼ ½TST½S ð5Þ
½E^ ¼ ½TET½E ð6Þ
where ½TS and ½TE are transformation matrices deﬁned as
(Miyazaki, 2006):
½TS ¼ U1 U2 U3
  ¼ c2 s2 css2 c2 cs
2cs 2cs c2  s2
264
375 ð7Þ
½TE ¼ U1 U2 U3½  ¼
c2 s2 2cs
s2 c2 2cs
cs cs c2  s2
264
375 ð8Þ
where c ¼ cos h, s ¼ sin h and h is the counter-clockwise angle from
the axis x to the axis t. And
½TST½TE ¼ ½I ð9Þ
where ½I is the unit matrix. Considering ½S ¼ ½C½E, the constitutive
matrix ½C^ in the wrinkling coordinate system can be obtained from:
½C^ ¼ ½TST½C½TS ð10Þ
where ½C is the constitutive matrix in the local Cartesian coordinate
system. When a membrane is wrinkled or slack, the following equa-
tions are tenable:
S^11 ¼ ½U2T½S ¼ > 0 if wrinkling¼ 0 if slack

ð11Þ
S^22 ¼ ½U2T½S ¼ 0 ð12Þ
S^12 ¼ ½U3T½S ¼ 0 ð13Þ2.4. Typical wrinkling models
A wrinkling model serves to eliminate the pseudo stresses of a
wrinkled membrane to have and make its stress ﬁeld satisfying
Eqs. (11)–(13). Existing models in literatures can be classiﬁed into
two types as mentioned in Section 1. The ﬁrst type adopts an
approach to modify the deformation tensor, while the second type
modiﬁes the constitutive tensor. These wrinkling models will be
discussed brieﬂy in the following Sections, whose details are given
in the Appendix A.
2.4.1. Modiﬁed deformation gradient
This type of wrinkling model was ﬁrstly proposed by Roddeman
et al. (1987) with the basic idea of removing the contraction of the
dimension in the direction of w due to wrinkling by transforming
the current conﬁguration into a pseudo one (the plane surface
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et al., 1987):eF ¼ ðI þ bwwÞ  F ð14Þ
where eF is the modiﬁed deformation gradient tensor, b represents
the amount of elongation (see Fig. 2). The approaches of modifying
Green’s strain-vector (Miyazaki, 2006) and the constitutive rela-
tionship are actually equivalent to modifying the deformation
gradient as indicated in the Appendix A (please see Eqs. A.1, A.2,
and A.4). Miyazaki (2006) improved the Roddeman’s model and
developed a virtual deformation model (VDM) (Eq. (A.5)).
2.4.2. Modiﬁed constitutive relationship
This wrinkling model can be redivided into three subtypes
according to the modiﬁcation pattern. The ﬁrst subtype is to mod-
ify the components of the constitutive relationship (Jarasjarungkiat
et al., 2008; Kang and Im, 1999; Gal et al., 2011; Yang et al., 2011;
Rossi et al., 2005). The second one is to modify the material
constants such as the elastic modulus and/or the Poisson’s ratio
(Stein and Hedgepeth, 1961; Miller and Hedgepeth, 1982, 1985;
Ding and Yang, 2003; Zhao et al., 2011). The last one is to post-
multiply the constitutive matrix by a projection matrix (Akita
et al., 2007; Jarasjarungkiat et al., 2009).
2.4.2.1. Modifying components of the constitutive relationship. The
stress–strain relationship in the wrinkling coordinate system can
be expressed (Kang and Im, 1999; Yang et al., 2011) as:
½S^ ¼ ½C^½E^ ð15Þ
where ½C^ is the modiﬁed constitutive matrix. It can be obtained
from the state of uniaxial tension in the wrinkling region (Kang
and Im, 1999) (please see Eqs. A.7, A.9, A.10 in the Appendix A).
In the documents (Jarasjarungkiat et al., 2008; Rossi et al., 2005),
the constitutive matrix is penalized by the penalty factor P
(Jarasjarungkiat et al., 2008; Rossi et al., 2005) (Eqs. (A.11)–
(A.14)). Jarasjarungkiat et al. (2008) also proposed a modiﬁed
constitutive matrix according to the analogy between the wrinkling
and plasticity as demonstrated in the document (Epstein, 1999):
½ e^C  ¼ ½C^  ½C^½w½wT½C^
½wT½C^½w
ð16Þ
Eq. (16) is equivalent to Eq. (A.14) for isotropic material. Allow-
ing a small amount of compressive stiffness for stabilization
purpose, Eq. (16) is transformed by Jarasjarungkiat et al. (2008) as:
½ e^C  ¼ ½C^  ð1 P2Þ½C^½w½wT½C^
½wT½C^½w
ð17Þ
when P ¼ 0, Eq. (17) is reduced to Eq. (16). Considering that the
wrinkling direction is not known when a membrane is slack,
Eqs. (16) and (17) are inapplicable in the slack region and only
suitable for the wrinkling state.
2.4.2.2. Modifying material constants. Wrinkles cause contraction in
the dimensions of a membrane in the perpendicular direction. The
phenomenon is very similar to the effect of Poisson’s ratio. Stein
and Hedgepeth (1961) introduced another variable Poisson’s ratio
k and substituted it for t in the elastic matrix:
½eC  ¼ E
1 k2
1 k 0
k 1 0
0 0 1k2
264
375 ð18Þ
However, when k ! 1, the components in Eq. (18) tend to be
inﬁnite, leading to a numerical problem. Miller and Hedgepeth
(1982, 1985) introduced the strain components into theconstitutive matrix to address the problem (please refer to refer-
ences Miller and Hedgepeth (1982, 1985) for detail) and deduced
the modiﬁed constitutive matrix (Eq. (A.15)). Ding and Yang
(2003) modiﬁed both Young’s modulus and Poisson’s ratio in the
constitutive matrix (Eq. (A.16)) by the parameters k1 and k2. These
two parameters can be obtained by solving the non-linear comple-
mentarity problem (Ding and Yang, 2003). Zhao et al. (2011) took
the wrinkled membranes as composed of orthotropic material with
modiﬁed material constants. The shear modulus in this wrinkling
model was zero (Eq. (A.17)).
2.4.2.3. Projection matrix. Assuming that the wrinkle-mode defor-
mation produces no energy, Akita et al. (2007) obtained the
modiﬁed constitutive matrix as (please see Eqs. (A.18)–(A.22) for
details):
½eC  ¼ ½C½P ð19Þ
where ½eC  is the modiﬁed constitutive matrix, ½P is the projection
matrix. It is easy to ﬁnd that Eq. (19) is exactly the same as
Eq. (A.4), i.e. ½P ¼ ½U. That is to say, the wrinkling model to modify
the deformation gradient is equivalent to the one that modiﬁes the
constitutive matrix. Jarasjarungkiat et al. (2009) improved the
Akita’s wrinkling model by considering a small compressive stress
in the membrane (Eqs. (A.23) and (A.24)).
2.5. Problem statement
The existing wrinkling models outlined in Section 2 are typi-
cally based on the Tension Field Theory, from which the wrinkling
direction and wrinkling distribution can be obtained. But the wrin-
kling level for evaluating the inﬂuence of wrinkles on a membrane
cannot be acquired. For membrane structures especially those in
the aerospace, such as solar sails, etc., high surface precision is
usually required and measuring their wrinkling level is of great
signiﬁcance. A measure of wrinkling level will contribute to the
knowledge and evaluation of working performance of wrinkled
membrane structures in civil engineering.
In the next section, a new wrinkling model will be presented,
which is capable of reﬂecting the wrinkling level of a membrane
by introducing a new physical quantity called the wrinkling strain.
3. Proposed wrinkling model
3.1. Wrinkling strain
Before presenting the new wrinkling model, it is necessary to
have the wrinkling strain introduced ﬁrst. Wrinkling strain is actu-
ally not a new physical term (Jarasjarungkiat et al., 2008; Raible
et al., 2005; Akita et al., 2007; Ziegler et al., 2003). To describe
the kinematics of a wrinkled membrane, Ziegler et al. (2003)
decomposed the strain tensor E for the ﬁrst time into the taut part
Ee and wrinkling part Ew (wrinkling strain) in analogy to an elasto-
plastic scheme:
E ¼ Ee þ Ew ð20Þ
According to the elastic constitutive relationship, the stress
tensor is derived:
S ¼ C : Ee ¼ C : ðE  EwÞ ð21Þ
Based on the assumption that the true stress tensor minimizes
the strain energy:
WðSÞ ¼ 1
2
S : C1 : S ð22Þ
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ematical programming problem:
vðSÞ ¼ 1
2
Strial  S
 
: C1 : Strial  S
 
!min ð23Þ
where Strial ¼ C : E. With v as the objective function and considering
the constraint condition fa :¼ Sa P 0 (where Sa is the covariant
component of the principal stress tensor), the Lagrangian function
L is denoted as:
L ¼ vþ kafa ð24Þ
where ka is the Lagrange parameter. In solving Eq. (24), the deriva-
tives of the Lagrangian function L are required:
@L
@S
¼ C1 : Strial  S
 
þ ka @fa
@S
ð25Þ
where
@fa
@S
¼ 1
2
pT  P  S
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S  P  S
p ð26Þ
and p ¼ ð1 1 0 ÞT, P ¼
1=2 1=2 0
1=2 1=2 0
0 0 2
0@ 1A. In the slack region,
S ¼ 0 and S  P  S ¼ 0.
Therefore, @fa
@S is not known in the area. That is to say, the wrin-
kling model proposed by Ziegler et al. (2003) cannot be applied to a
slack membrane. The wrinkling strain Ew is just an intermediate
quantity (Raible et al., 2005; Akita et al., 2007) to solve the wrin-
kling problem and it has not been used to evaluate the wrinkling
level of a wrinkled membrane.
On the basis of Eqs. (20) and (21) and the analogy between the
plastic deformation and the wrinkling deformation, Jarasjarungkiat
et al. (2008) developed the wrinkling models as Eqs. (16) and (17).
But they are only suitable for a wrinkled membrane and are not
applicable to a slack membrane owing to the indeterminacy in
its wrinkling direction (discussed in Section 2.4.2). Moreover, the
wrinkling strain is also an intermediate quantity in the analysis
(Raible et al., 2005; Akita et al., 2007).
Therefore, a new wrinkling model capable of characterizing the
wrinkling level of a wrinkled membrane and applicable in both
wrinkling and slack regions will be presented by introducing a
descriptive quantity i.e. the wrinkling strain. Different from the
approach in the thin-shell theory where the out-of-plane deforma-
tion is adopted as the measure of wrinkling level, the wrinkling
strain achieves this purpose by describing the degree of contrac-
tion in its dimension in the direction perpendicular to wrinkles.
Take Fig. 2 as an example. A wrinkled membrane’s length is l
while its original length is ð1þ bÞ l. The amount of contraction after
the membrane is wrinkled is b l. The relative amount of the con-
traction can be formulated as: b1þb. It is easy to understand that
the larger the value of b1þb is, the more severe the wrinkling level is.
Thus, wrinkling strain b1þb
 
is able to reﬂect the average wrinkling
level of a membrane element. When the size of element decreases,
different wrinkling level can be obtained in different regions.
Therefore, the wrinkling strain, which is a predominant physical
quantity, is adopted in the proposed wrinkling model below.
3.2. New wrinkling model
According to the analogy of the wrinkling problem with an elas-
to-plastic problem, the incremental wrinkling strain can be divided
into two components i.e. the elastic component and the wrinkling
component. Based on the theoretical veriﬁcation of the existence
and uniqueness of a relaxed energy function for elastic membranes
and the normality rule that the wrinkling strain abides by Epstein
(1999), it is assumed that a wrinkling potential surface exists andthe direction of the incremental wrinkling strain is determined by
the ﬂow rule. From the consistent condition that the incremental
stress tensor is orthogonal to the normal of the wrinkling potential
surface, the modiﬁed constitutive tensor is then derived.
3.2.1. Constitutive tensor based on the wrinkling potential surface
Based on Eq. (20), the incremental Green’s strain tensor is com-
posed of two parts:
dE ¼ dEe þ dEw ð27Þ
where dEe and dEw are the elastic and the wrinkling strain compo-
nents, respectively. The incremental PK2 stress tensor (the second
Piola–Kirchhoff stress tensor) can be obtained from the following
equation:
dS ¼ C : dEe ð28Þ
Transforming Eq. (27) and substituting it into Eq. (28), we have
dS ¼ C : dEe ¼ C : ðdE  dEwÞ ð29Þ
According to the ﬂow rule, the incremental wrinkling strain ten-
sor can be determined from the derivative of the assumed wrin-
kling potential surface:
dEw ¼ dk @f
@S
ð30Þ
where dk is a non-negative scalar. Substituting Eq. (30) into Eq. (29),
we have
dS ¼ C : dE  dk @f
@S
 	
ð31Þ
Considering the orthogonality between the incremental PK2
stress tensor and the normal of the potential surface similar to that
in the elasto-plastic theory, the consistent condition is derived as:
@f
@S
: dS ¼ 0 ð32Þ
By substituting Eq. (31), Eq. (32) is transformed as:
@f
@S
: C : dE  dk @f
@S
 	
¼ 0 ð33Þ
and dk can be obtained from Eq. (33) as:
dk ¼
@f
@S : C : dE
@f
@S : C :
@f
@S
ð34Þ
Substituting Eq. (34) into Eq. (31), we have
dS ¼ C : dE 
@f
@S
@f
@S : C : dE
@f
@S : C :
@f
@S
 !
¼ C : I 
@f
@S  @f@S : C
@f
@S : C :
@f
@S
 !
: dE ð35Þ
The modiﬁed constitutive tensor is:
eC ¼ C : I  @f@S  @f@S : C
@f
@S : C :
@f
@S
 !
¼ C  C :
@f
@S  @f@S : C
@f
@S : C :
@f
@S
ð36Þ
Eq. (36) can be rewritten in matrix form as:
½ e^C  ¼ ½C^ ½I  @f@S^
h i
@f
@S^
h iT
½C^
@f
@S^
h iT
½C^ @f
@S^
h i
0B@
1CA ¼ ½C^  ½C^ @f@S^
h i
@f
@S^
h iT
½C^
@f
@S^
h iT
½C^ @f
@S^
h i ð37Þ
It is clear that Eq. (37) is consistent with Eq. (16)
(Jarasjarungkiat et al., 2008). When the wrinkling potential surface
f is determined, the modiﬁed constitutive matrix can be derived
from Eq. (37).
Before discussing on the wrinkling potential surface, it may be
necessary to review the characteristics of a wrinkled membrane.
If a membrane is wrinkled, its stiffness in the direction perpendic-
ular to wrinkles decreases to zero while the membrane remain
elastic in the wrinkling direction. If a membrane is slack, its stiff-
ness vanishes in all directions.
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faces suitable for the wrinkling state and the slack state separately
are proposed in the following sections.
3.2.2. Wrinkling potential surface for the wrinkling state
According to the mechanical behaviors of a wrinkled mem-
brane, a two-dimensional wrinkling potential surface for isotropic
material can be represented as
f ¼ SII ð38Þ
where SII is the minor eigenvalue of the PK2 stress tensor. Substitut-
ing Eq. (38) into Eq. (37), the modiﬁed constitutive matrix for the
wrinkling state is obtained:
½ e^C  ¼ E 0 00 0 0
0 0 E2ð1þtÞ
264
375 ð39Þ
It is noted that Eq. (39) is the same as Eq. (A.14).
3.2.3. Wrinkling potential surface for the slack state
When a membrane is slack, its stiffness and the stresses in all
directions vanish. The deformation of the membrane results from
the wrinkling strain only. The following assumed wrinkling poten-
tial surface may be suitable:
f ¼ ASI þ BSII ð40Þ
where SI is themajor eigenvalue of the PK2 stress tensor, and A and B
are coefﬁcients, respectively. Substituting Eq. (40) into Eq. (37), the
modiﬁed constitutive matrix for the slack state can be derived as:
½ e^C  ¼
B2E
A2þB2þ2ABt  ABEA2þB2þ2ABt 0
 ABE
A2þB2þ2ABt
A2E
A2þB2þ2ABt 0
0 0 E2ð1þtÞ
26664
37775 ð41Þ
If A ¼ 0 and B ¼ 1, Eq. (41) is reduced to Eq. (39).
The determination of coefﬁcients A and B will be discussed in
the following paragraphs. When a membrane is slack, the incre-
mental Green’s strain tensor includes only the wrinkling compo-
nent while the elastic component vanishes as described above.
This can be represented in the wrinkling coordinate system by:
½dE^ ¼ de^11 de^22 0½ T ð42Þ
where de^11 and de^22 are the incremental strain components in the
wrinkling coordinate system. The 3rd term of ½dE^ is zero owing
to @f
@S12
¼ 0 and ½dEe ¼ ½0.
According to the stress state of a slack membrane:
½de^S ¼ ½0 ¼ ½ e^C ½dE^ ð43Þ
the proportional relation of the coefﬁcients can be obtained from:
A
B
¼ de^11
de^22
ð44Þ
Substituting Eq. (44) into Eq. (41), the modiﬁed constitutive
matrix for a slack membrane is determined:
½ e^C  ¼
ðde^22Þ2E
ðde^11Þ2þðde^22Þ2þ2de^11 de^22 t
 de^11 de^22 Eðde^11Þ2þðde^22Þ2þ2de^11 de^22 t 0
 de^11 de^22 Eðde^11Þ2þðde^22Þ2þ2de^11 de^22 t
ðde^11Þ2E
ðde^11Þ2þðde^22Þ2þ2de^11 de^22 t
0
0 0 E2ð1þtÞ
266664
377775
ð45Þ
In the implementation of the proposed model, Eq. (45) used for
the next incremental solution is determined from the current
incremental strain vector in the wrinkling coordinate system. The
implementation of algorithm of the proposed wrinkling model will
be explained in next Section.4. Implementation of the algorithm
When a membrane is wrinkled, its mechanical behaviors are
quite different from its original properties. A different constitutive
matrix has to be chosen according to its state. Accurate judgment
of a membrane’s state (taut, wrinkling or slack) involves the
correct selection of the constitutive relationship and it will be
discussed in the following.
4.1. Judgment of a membrane state
There are three existing approaches to judge a membrane state.
The ﬁrst one is the principal stress criterion. The second one is the
principal strain criterion. The third one is the mixed criterion.
These three criteria are listed in Table 1 (Jarasjarungkiat et al.,
2008).
The ﬁrst criterion misjudges the idea of ‘‘slackness’’ (Liu et al.,
2001). For example, the principal strains of a membrane derived
from its previous wrinkling state satisfy the following inequalities:
e1 > 0; e2 < 0; e1 þ te2 < 0 ð46Þ
According to the ﬁrst criterion, the membrane is slack owing to
SI < 0. However, the membrane is wrinkled because of e1 > 0.
Similar to the ﬁrst criterion, the second criterion is also deﬁ-
cient in that it misjudges the idea of ‘‘tautness’’. It is very possible
to have positive minimum stress yet negative strain due to the
effect of Poisson’s ratio (Liu et al., 2001). For example, the principal
strains of a membrane derived from its previous taut state satisfy
the following inequalities:
e1 > 0; e2 < 0; te1 þ e2 > 0 ð47Þ
According to the second criterion, the membrane is wrinkled.
However, substituting Eq. (47) into the elastic constitutive matrix,
we have:
SI > 0; SII > 0 ð48Þ
Eq. (48) indicates that the membrane is taut actually and that
the second criterion misjudges the state of the membrane.
It seems that the mixed criterion is rational and feasible for it
adopts the merits of the other two criteria, and it has been
accepted by many researchers. Before discussing the mixed crite-
rion, it is essential to study the following example. A rectangular
membrane is under uniaxial compression and its principal stresses
satisfy the following inequalities:
SI ¼ 0; SII < 0 ð49Þ
The principal strains satisfy the condition:
e2 < 0; e1 ¼ te2 > 0 ð50Þ
According to the mixed criterion, the membrane is wrinkled.
However, it is actually slack. That is to say, the mixed criterion also
misjudges a membrane’s state. In fact, the fundamental reason that
results in the erroneous judgment in these three criteria is that the
evaluation of a membrane’s state is separate from the previous
state. It is necessary that a new proper criterion be proposed for
a valid judgment. In the following, a new approach will be
presented that associates the wrinkling criteria with the previous
state.
At the moment of t ¼ T , a membrane may be taut, wrinkled or
slack. At the moment of t ¼ T þ DT , the membrane may keep or
change its state. Thus, from the moment of T to T þ DT , the transi-
tion of state can be categorized into nine cases and the correspond-
ing criteria are listed in Table 2.
For Cases 1–3, it is clear that the conditions are identical with
those for the ﬁrst criterion. For Cases 4–9, the conditions are
Table 1
Criteria of wrinkling state.
State of a membrane Principal stress criterion Principal strain criterion Mixed criterion
Taut SII > 0 e2 > 0 SII > 0
Wrinkling SII 6 0 and SI > 0 e2 6 0 and e1 > 0 SII 6 0 and e1 > 0
Slack SI 6 0 e1 6 0 e1 6 0
Table 2
A new approach of the judgment of wrinkling state.
Case Previous state Current state Conditions Comments
1 Taut Taut SII > 0 Principal stress criterion
2 Wrinkled SII 6 0 and SI > 0
3 Slack SI 6 0
4(7) Wrinkled (slack) Taut t e1 + e2 > 0 Principal strain criterion
5(8) Wrinkled t e1 + e2 6 0 and e1 > 0
6(9) Slack e1 6 0
Fig. 3. Relationships among the conﬁgurations.
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tution of t e1 + e2 for e2 in Cases 4(7) and 5(8).
For the problem as deﬁned in Eq. (46), it can be concluded cor-
rectly that the membrane, which is previously wrinkled, is still in
the wrinkling state according to the condition in Case 5. For the
problem as deﬁned in Eqs. (47) and (49), the states can also be
determined accurately from the conditions in Cases 1 and 3 respec-
tively. It indicates that the proposed approach to evaluate the state
of membrane is valid and accurate and is capable of addressing the
problems in existing wrinkling criteria. The proposed approach
will be applied in the analyses in Section 5.
4.2. Determination of wrinkling direction
As mentioned in Section 3, the modiﬁed constitutive matrix is
derived in the wrinkling coordinate system. Therefore, the wrin-
kling direction deﬁning the wrinkling coordinate system should
be obtained in advance.
The approach to determine the wrinkling direction is derived
from the idea in reference Jarasjarungkiat et al. (2008) based on
the theory of modifying the deformation gradient (Roddeman
et al., 1987), and it is further extended to include the determina-
tion of the wrinkling coordinate system when a membrane is slack.
Besides, orthogonality of the wrinkling coordinate frame in differ-
ent conﬁgurations will also be demonstrated in this paper.
4.2.1. Objectivity of the wrinkling coordinate frame
The method in reference Jarasjarungkiat et al. (2008) is adopted
to determine the wrinkling direction, while the ﬁctitious conﬁgu-
ration (denoted by X) presented by Roddeman et al. (1987) is
introduced in this paper. There are three types of conﬁguration
in the analysis of a wrinkled membrane, i.e. the current conﬁgura-
tionX, and the reference conﬁgurationX0 and the ﬁctitious conﬁg-
uration X.
In the current conﬁguration, the wrinkling coordinate frame is
deﬁned by (t; w) with t ? w, g1 ¼ t and g2 ¼ w. If it is mapped
onto the reference conﬁguration, the wrinkling coordinate frame
is transformed into (t0; w0) with G
1 ¼ t0 and G2 ¼ w0. When
mapped onto the ﬁctitious conﬁguration, it is transformed into
(t; w) with g1 ¼ t and g2 ¼ w. ga is the contravariant base vector
in the ﬁctitious conﬁguration, and a takes up values of 1 and 2.
The objectivity of the wrinkling coordinate frame denotes that
the orthogonality is invariant in different conﬁgurations, i.e.
t0 ? w0 and t ? w, and it will be demonstrated below.
In the current conﬁguration, a point P on a wrinkled membrane
is positioned by x along direction w. When the membrane iselongated along the direction of w to the ﬁctitious conﬁguration,
the position x is transformed into x with
x ¼ xþ bn2w ð51Þ
where n2 is the covariant coordinate of P in the direction ofw, b is a
non-negative factor as deﬁned in Eq. (14). Therefore, the deforma-
tion gradient from the current conﬁguration to the ﬁctitious conﬁg-
uration can be represented as:
F ¼ @x
@x
¼ I þ bww ¼ ga  ga ð52Þ
where I is the second order unit tensor. Thus, the deformation
gradient from the reference conﬁguration to the ﬁctitious conﬁgu-
ration can be obtained as:
eF ¼ @x
@X
¼ @x
@x
 @x
@X
¼ F  F ¼ ðI þ bwwÞ  F ð53Þ
Eq. (53) is the same as Eq. (14) proposed by Roddeman et al.
(1987).
The transformation of the wrinkling coordinate frame from the
ﬁctitious conﬁguration into the current one can be expressed as:
FT w ¼ ga  ga  g2 ¼ w ¼ w  F ð54Þ
FT  t ¼ ga  ga  g1 ¼ t ¼ t  F ð55Þ
Likewise, the transformation from the current conﬁguration to
the reference one can be derived as:
FT w ¼ Ga  ga w ¼ w0 ¼ w  F ð56Þ
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Transformations of these three conﬁgurations as formulated in
Eqs. (54)–(57) can be described graphically as (Fig. 3)
According to Eqs. (54)–(57), the dot products of the base vectors
in the ﬁcitious and reference conﬁgurations can be obtained as:
t w ¼ FT  t w  F1 ¼ FT  0  F1 ¼ 0 ð58Þ
t0 w0 ¼ FT  t w  F ¼ FT  0  F ¼ 0 ð59Þ
It can therefore be concluded from Eqs. (58) and (59) that
t ? w and t0 ? w0. That is to say, the wrinkling coordinate frame
is objective and invariably orthogonal in different conﬁgurations,
which is different from the general view of current researchers
(Lu et al., 2001; Jarasjarungkiat et al., 2008) that it is not
necessarily orthogonal in the reference and ﬁctitious conﬁgura-
tions. In the above deduction, no hypothesis on the material is
introduced. Therefore, this conclusion is applicable to all types
of material.
4.2.2. Wrinkling direction
In this subsection, an approach to determine the wrinkling
direction of a membrane in the slack state will be presented based
on the approach adopted in the document (Jarasjarungkiat et al.,
2008) to determine the wrinkling direction in the wrinkling state.
When a membrane is wrinkled, its uniaxial tension state in the
ﬁctitious conﬁguration can be described by Jarasjarungkiat et al.
(2008) considering t ? w:
w  er w ¼ 0 and t  er w ¼ 0 ð60Þ
where er is the modiﬁed Cauchy stress tensor with
er ¼ ðdet eF Þ1eF  eS  eF T ð61ÞeS is obtained from Eq. (A.2). Considering Eqs. (53) and 58, 59, 60,
the wrinkling state in the reference conﬁguration is determined by:
w0  eS w0 ¼ 0 and t0  eS w0 ¼ 0 ð62Þ
When a membrane is slack, the following items should be
added to Eqs. (60) and (62), respectively:
t  er  t ¼ 0 ð63Þ
t0  eS  t0 ¼ 0 ð64Þ
Eqs. (62) and (64) can be rewritten in matrix form as:
e^S11 ¼ ½U2T½eS  ¼ > 0 if wrinkling¼ 0 if slack

ð65Þ
e^S22 ¼ ½U2T½eS  ¼ 0 ð66Þ
e^S12 ¼ ½U3T½eS  ¼ 0 ð67Þ
where e^S11, e^S22 and e^S12 are the modiﬁed PK2 stress components in
the wrinkling coordinate system. Substituting Eq. (A.3) into
Eq. (A.2) and then into Eq. (67), an equation that deﬁnes the
wrinkling direction is obtained (Jarasjarungkiat et al., 2008):
½U2T½C½U2½U3T½C½E  ½U3T½C½U2½U2T½C½E ¼ 0 ð68Þ
Eq. (68) is a nonlinear equation on the wrinkling direction h and
is usually solved by the Newton method (Jarasjarungkiat et al.,
2008).
Similarly, the modiﬁed deformation gradient of a slack mem-
brane can be formulated as:
eF ¼ ðI þ at  t þ bwwÞ  F ð69Þwhere a is also a non-negative factor similar to b in Eq. (14), and it
represents the amount of elongation along t. Thus, the modiﬁed
Green’s strain vector can be rewritten as:
½eE ¼ ½E þ l1½U1 þ l2½U2 ð70Þ
where l1 ¼ 12 ða2 þ 2aÞ, l2 ¼ 12 ðb2 þ 2bÞ. The corresponding modi-
ﬁed PK2 stress vector is:
½eS  ¼ ½C½eE ¼ ½C½E þ l1½C½U1 þ l2½C½U2 ð71Þ
Substituting Eq. (71) into Eqs. (65)–(67), the following equa-
tions are obtained:
½U1T½C½E þ l1½U1
T½C½U1 þ l2½U1
T½C½U2 ¼ 0 ð72Þ
½U2T½C½E þ l1½U2
T½C½U1 þ l2½U2
T½C½U2 ¼ 0 ð73Þ
½U3T½C½E þ l1½U3
T½C½U1 þ l2½U3
T½C½U2 ¼ 0 ð74Þ
From Eqs. (72) and (73), l1 and l2 are solved:
l1 ¼
½U2T½C½U2½U1T½C½E  ½U1T½C½U2½U2T½C½E
½U2T½C½U1½U1T½C½U2  ½U1T½C½U1½U2T½C½U2
ð75Þ
l2 ¼
½U1T½C½U1½U2T½C½E  ½U2T½C½U1½U1T½C½E
½U2T½C½U1½U1T½C½U2  ½U1T½C½U1½U2T½C½U2
ð76Þ
Substituting Eqs. (75) and (76) into Eq. (74), we have:
½U2T½C½U1½U1T½C½U2½U3T½C½E
 ½U1T½C½U1½U2T½C½U2½U3T½C½E
þ ½U3T½C½U1½U2T½C½U2½U1T½C½E
 ½U3T½C½U1½U1T½C½U2½U2T½C½E
þ ½U3T½C½U2½U1T½C½U1½U2T½C½E
 ½U3T½C½U2½U2T½C½U1½U1T½C½E ¼ 0 ð77Þ
Similar to Eqs. (68) and (77) is also a nonlinear equation on the
wrinkling direction h and it can be solved by the Newton method.
4.2.3. Flow chart of the algorithm
A ﬂow chart on the implementation of algorithms on the wrin-
kling model, the wrinkling criterion and the approach to determine
the wrinkling direction in Sections 3 and 4 respectively is plotted in
Fig. 4. In the ﬁgure, Cases 1–9 correspond to the criteria in Table 2.
The constitutivematrix is modiﬁed in the wrinkling coordinate sys-
tem and then transformed to the elemental coordinate system.
Besides, the element stress vector is updated in each of iteration.
5. Numerical examples
Based on the proposed wrinkling model, a constant strain trian-
gular element program is developed in C++. Benchmark studies in
referencesWong and Pellegrino (2006a,b,c) are adopted for veriﬁca-
tion of the validity and accuracy of the proposedwrinklingmodel. A
two-dimensional rectangular membrane under shear and a two-
dimensional square membrane under corner loads are analyzed
with the programand their solutions are comparedwith the numer-
ical and experimental results (Wong and Pellegrino, 2006a,c).
5.1. Rectangular membrane under shear
A two dimensional rectangular membrane under shear
(Jarasjarungkiat et al., 2008) is shown in Fig. 5. It is ﬁxed at the
Fig. 4. Flow chart of the proposed algorithm in this paper.
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Fig. 5. A rectangular membrane under shear (Jarasjarungkiat et al., 2008).
Table 3
Material parameters of the rectangular membrane.
Material parameter Value
Thickness, t (mm) 0.025
Young’s modulus, E (N/mm2) 3500
Poisson’s ratio, t 0.31
Prestress, ry (N/mm2) 1.5
3540 X.F. Wang et al. / International Journal of Solids and Structures 51 (2014) 3532–3548lower edge AB. Its upper edge CD is allowed to move only in the
horizontal direction. The edges AC and BD are free. The membrane
is initially loaded by prestress 1.5 N/mm2 in y direction to intro-
duce the initial stiffness. Shear force in x direction is then gradually
applied at the upper edge CD until the horizontal displacementreaches 3 mm while the prestress is kept constant. The membrane
is assumed to be isotropic and its material parameters are listed in
Table 3.
The membrane is analyzed by the proposed approach with con-
stant strain triangular element. The ﬁnite element mesh is shown
in Fig. 6 with an element size of approximately 15 mm (about
520 elements).
Fig. 6. Elements of the rectangular membrane.
Fig. 7. Shear force–displacement relationship.
Fig. 8. Principal stresses across section E–F of the rectangular membrane.
Fig. 9. The ﬁrst principal stress vector under the shear displacement of 3 mm.
Fig. 10. Contours of the major principal stress under the shear displacement of
3 mm.
Fig. 11. Contour of the wrinkling strain under the shear displacement of 3 mm.
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(Wong and Pellegrino, 2006a,c) in Figs. 7–15, including the rela-
tionship between shear force and shear displacement (Fig. 7), the
principal stress distribution across section E–F (Fig. 8), the wrin-
kling direction (Fig. 9). Contours of the principal stress andwrinkling strain from the proposed wrinkling model are also given
in Figs. 10 and 11, respectively. The variation of the wrinkling level
are shown in Figs. 12–15.
In Fig. 7, the bold line labeled ‘‘Shell model’’ is derived by Wong
and Pellegrino (2006c) with approximately 6950 shell elements
based on the stability theory. The dash dot line labeled ‘‘Standard
membrane model’’ is derived byWong and Pellegrino (2006c) from
the standard membrane element, in which the softening associated
with wrinkles was not included. The dash line labeled ‘‘IMP mem-
brane model’’ is derived from references Miller and Hedgepeth
(1982, 1985) by Wong and Pellegrino (2006c), which is incapable
of characterizing the wrinkling level. The circle represents the
results from the proposed wrinkling model in this paper. Compar-
ison shows that solutions by the proposed wrinkling model are
very close to those by the shell element and IMP membrane model
in reference Wong and Pellegrino (2006c).
In Fig. 8, results of the membrane under the shear displace-
ments of 1.6 mm and 3.0 mm are given, respectively. The bold lines
are derived from the shell element by Wong and Pellegrino
(2006c). The discrete dots with various shapes (circles and hollow
squares are results under the shear displacement of 3.0 mm while
the diamonds and crosses are results under the shear displacement
of 1.6 mm) are obtained from the proposed wrinkling model. The
comparison shows that the results from the proposed wrinkling
model with 520 triangular membrane elements (891 DOFs) agree
well with those with total 6950 shell elements (34,750 DOFs) from
Wong and Pellegrino (2006c). Moreover, the results from the
proposed wrinkling model are more symmetrical.
Fig. 9 shows the superimposition of the principal stress vector
plot (whose length is related to its magnitude) obtained from the
proposed wrinkling model on Wong’s corresponding experimental
photo (Wong and Pellegrino, 2006a). The comparison indicates
that the principal stress direction from the proposed wrinkling
model matches well with the wrinkling direction from the experi-
mental result.
Fig. 10 shows the contours of the major principal stress of the
rectangular membrane under shear displacement of 3 mm derived
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the major principal stress of the membrane vanishes which means
that this part of the membrane is slack. In other regions, the mem-
brane is wrinkled, as shown in Fig. 9. It indicates that the wrinkling
distribution of the membrane in Fig. 10 is very close to the exper-
imental photo (Wong and Pellegrino, 2006a) in Fig. 9.
The contours of wrinkling strain from the proposed wrinkling
model are shown in Fig. 11.
As mentioned in Section 3.1, the wrinkling strain reﬂects the
wrinkling level of a membrane in average. That is to say, it is only
able to characterize the average wrinkling deformation in a small
area (e.g. in a triangular element). Therefore, it is expected that
the contours of the wrinkling strain in Fig. 11 seem different from
the actual wrinkling deformation presented in reference Wong and
Pellegrino (2006a). However, the variation of wrinkles can accu-
rately and objectively be predicted as illustrated in Fig. 12.Fig. 12. Wrinkling strain and out-of-plane deﬂection variation across section E–F.The wrinkling strain distribution across section E–F derived
from the proposed wrinkling model are compared in Fig. 12 with
the out-of-plane deﬂection from the experimental results (Wong
and Pellegrino, 2006b). Results indicate that the wrinkling strain
variation along the x-axis is consistent with that of the wrinkling
amplitude (i.e. the out-plane deﬂection) from reference Wong
and Pellegrino (2006a). For example, in the position where the
wrinkling strain reaches the maximum (minimum), the wrinkling
amplitude also gets to the maximum (minimum). The wrinkling
strain is positively correlated to the wrinkling amplitude and can
be adopted to be a metric to evaluate the wrinkling level of a
membrane.
It is concluded from Fig. 12 that the wrinkling strain is capable
of characterizing the wrinkling variation and it represents the
averaged wrinkling level over a membrane element satisfactorily.
5.2. Square membrane under corner loads
In order to further verify the proposed wrinkling model, a
square membrane under corner loads T1 and T2 (Wong and
Pellegrino, 2006c) (shown in Fig. 13) is analyzed. The material
properties are given in Table 3. The corners of the square are trun-
cated with a width of 25 mm (Fig. 13). The loading of the mem-
brane is applied in four cases. Case 1 is T1 ¼ T2 ¼ 5 N; Case 2 is
T1 ¼ 2T2 ¼ 10 N; Case 3 is T1 ¼ 3T2 ¼ 15 N and Case 4 is
T1 ¼ 4 T2 ¼ 20 N.
Considering the symmetry of the membrane and loads, one
fourth of the analytical model (Fig. 14) is analyzed to reduce the
computing cost. In the boundaries AO and OD, symmetrical con-
straints are applied. That is to say, the translational DOFs of
boundary nodes perpendicular to AO or OD are restrained. On the
boundaries AB and CD, T1=2 and T2=2 are applied. The size ofFig. 13. A square membrane under corner loads (Wong and Pellegrino, 2006c).
Fig. 14. Finite elements in the quarter-square membrane.
Fig. 15. Comparison of numerical and experimental results (T1 ¼ T2 ¼ 5 N).
Fig. 16. Comparison of numerical and experimental results (T1 ¼ 2T2 ¼ 10 N).
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Fig. 17. Comparison of numerical and experimental results (T1 ¼ 3 T2 ¼ 15 N).
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proposed wrinkling model are compared with experimental and
numerical ones (Wong and Pellegrino, 2006a,c) in Figs. 15–17
and contours of the major principal stress are shown in Fig. 18.
The trajectories of wrinkles and contours of wrinkling strain
from the proposed wrinkling model are plotted in Figs. 15(a),
(b), 16(a), (b) and 17(a), (b) (Note: Wrinkling distribution under
the corner loads T1 ¼ 4 ; T2 ¼ 20 N is not provided here, given
its similarity to that under the corner loads T1 ¼ 3T2 ¼ 15 N.)
These ﬁgures are compared with the experimental results in
Figs. 15(c), 16(c) and 17(c) Wong and Pellegrino (2006a). It is
clear that the trajectories of wrinkles and contours of wrinkling
strains are consistent with the corresponding experimental
results.
Contours of the major principal stress in Fig. 18 are derived
from the proposed wrinkling model (with about 1568 membrane
elements) and from the numerical results of the Shell element
(with about 40,000 elements) (Wong and Pellegrino, 2006c). It
can be seen that the contours from the proposed wrinkling model
agree well with those from reference Wong and Pellegrino
(2006c).
5.3. Discussions on the examples
Results in Sections 5.1 and 5.2 indicate that the proposed wrin-
kling model is able to accurately characterize the wrinkling behav-
iors of a membrane in aspects such as the wrinkling direction and
the wrinkling variation. The results agree well with those of refer-
ences Wong and Pellegrino (2006a,c). The wrinkling model pro-
posed in this paper has been validated to be accurate, and the
wrinkling strain can be used as a metric to measure the wrinkling
level of a membrane. A membrane element with the proposed
wrinkling model can approximate the accuracy of shell elements
with much less elements.6. Conclusions
Based on the analogy between the wrinkling strain and the elas-
to-plastic strain, a wrinkling potential surface is assumed to exist,
and its normal direction determines the incremental wrinkling
strain vector in the light of the ﬂow rule. A new modiﬁed constitu-
tive tensor is obtained according to the consistent condition that
the incremental stress tensor is perpendicular to the normal of
the wrinkling potential surface.
Wrinkling strain is introduced into the proposed wrinkling
model to describe the wrinkling level of a membrane. Considering
that the previous state of a membrane will inﬂuence its current
state, a new wrinkling criterion including the effect of the previous
state is presented, which can avoid the ﬂuctuation of the wrinkling
state in the numerical solution and it contributes a lot to the
convergence efﬁciency. In view of the lack of knowledge of the
wrinkling orientation in the slack state, a new approach as
formulated in Eq. (77) is proposed to determine the wrinkling
coordinate frame in the slack region. Additionally, the objectivity
of the wrinkling coordinate frame is also demonstrated in this
paper.
A ﬁnite element program is developed in C++ based on the pro-
posed new wrinkling model for the analysis of two benchmark
problems, i.e. a rectangular membrane under shear and a square
membrane under corner loads. Their results are compared with
those obtained experimentally and numerically in the literatures.
Results indicate that the proposed wrinkling model is valid and
accurate. Predictions on the wrinkling direction and wrinkling var-
iation are very close to the experimental and numerical results in
the literatures. Characterization of the wrinkling variation from
the proposed wrinkling model can approximate the accuracy of
shell elements with much less elements. Results also reveal that
the wrinkling strain can be adopted as a metric to evaluate the
wrinkling level of a membrane.
(a-1) Result from the proposed wrinkling model  (a-2) Result from reference 
(a) N521 == TT
(b-1) Result from the proposed wrinkling model    (b-2) Result from reference 
(b) N102 21 == TT
(c-1) Result from the proposed wrinkling model    (c-2) Result from reference 
(c) N153 21 == TT
(d-1) Result from the proposed wrinkling model     (d-2) Result from reference 
(d) N204 21 == TT
(Wong and Pellegrino, 2006c)
(Wong and Pellegrino, 2006c)
(Wong and Pellegrino, 2006c)
(Wong and Pellegrino, 2006c)
Fig. 18. Contours of the major principal stress.
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Appendix A
In an attempt to compare the typical wrinkling models in the
literature, these models are given in Appendix A.
A.1. Modiﬁed deformation gradient
From Eqs. (2), (6), and (12), the modiﬁed Green’s strain vector
can be obtained (Miyazaki, 2006) as:
½eE ¼ ½E þ l ½U2 ðA:1Þ
where l ¼ 12 ðb2 þ 2bÞ. According to Eq. (14) (the modiﬁed deforma-
tion gradient), the modiﬁed stress vector is derived as:
½eS  ¼ ½C½eE ¼ ½C½E þ l½C½U2 ðA:2Þ
Considering the uniaxial tension in the wrinkling region (Eqs.
(11)–(13)), the coefﬁcient l in Eq. (A.2) is determined as:
l ¼  ½U
2T½C½E
½U2T½C½U2
ðA:3Þ
Substituting Eq. (A.3) into Eq. (A.4), the following equation is
obtained:
½eS  ¼ ½C½eE ¼ ½C½E  ½C½U2½U2T½C½E
½U2T½C½U2
¼ ½C ½I  ½U
2½U2T½C
½U2T½C½U2
 !
½E ¼ ½C½U½E ¼ ½eC ½E ðA:4Þ
It is noted that modifying the deformation gradient is equiva-
lent (Atai and Steigmann, 2012) to modifying the Green’s tensor
(Epstein and Forcinito, 2001; Hornig and Schoop, 2003; Raible
et al., 2005) and the constitutive relationship from Eqs. (A.1) and
(A.4) Miyazaki (2006). The virtual deformation model (VDM) pro-
posed by Miyazaki (2006) is a development of the Roddeman’s
model and can be represented by:eF ¼ I þ b1wwþ b2t wð Þ  F ðA:5Þ
where b1 ¼ b representing the amount of elongation (see Fig. 2), b2
denotes the virtual shear deformation. In fact, Eq. (A.5) can also be
found to be consistent with the approach to modify the constitutive
relationship (please refer to reference Miyazaki (2006) for detail).
A.2. Modiﬁed constitutive relationship
A.2.1. Modifying components of the constitutive relationship
½C^ in Eq. (15) can be formulated as:
½C^ ¼
C^11 C^12 C^13
C^21 C^22 C^23
C^31 C^32 C^33
264
375 ðA:6Þ
Due to S^22 ¼ 0 and S^12 ¼ 0 in the wrinkling region, Eq. (A.6) can
be modiﬁed as
½ e^C  ¼ a 0 00  0 0
0 0  0
264
375 ðA:7Þwhere
a ¼ 1
C^23C^32  C^22C^33
C^11 C^23C^32  C^22C^33
 
þ C^12 C^21C^33  C^23C^31
 h
þ C^13 C^31C^22  C^21C^32
 i
ðA:8Þ
In the slack region, S^11 vanishes and the constitutive matrix can
be rewritten as
½ e^C  ¼  0 0 00  0 0
0 0  0
264
375 ðA:9Þ
Eq. (A.7) is based on the orthotropic material. When it is applied
to the isotropic material, the equation can be reduced as
½ e^C  ¼ E 0 00  0 0
0 0  0
264
375 ðA:10Þ
where E is the elastic modulus. Eq. (A.10) is the same as the one in
reference Gal et al. (2011).
Rossi et al. (2005) modiﬁed the constitutive matrix in the wrin-
kling region in the following way:
½ e^C  ¼ C^11 PC^12 C^13PC^21 PC^22 PC^23
C^31 PC^32 C^33
264
375 ðA:11Þ
where P is a penalty factor. In the slack region, the modiﬁed consti-
tutive matrix is
½ e^C  ¼ P½C^ ðA:12Þ
Jarasjarungkiat et al. (2008) improved Eq. (A.11) to Eq. (A.13) as
½ e^C  ¼ C^11  C^12C^21=C^22 PC^12 C^13PC^21 PC^22 PC^23
C^31 PC^32 C^33
264
375 ðA:13Þ
Eq. (A.13) can be reduced to Eq. (A.14) for isotropic material,
which is somewhat different from Eq. (A.10):
½ e^C  ¼ E 0 00  0 0
0 0 E2ð1þtÞ
264
375 ðA:14Þ
where t is Poisson’s ratio.
A.2.2. Modifying material constant
Miller and Hedgepeth (1982, 1985) introduced the strain com-
ponents into the constitutive matrix to improve Stein’s model
(please refer to references Miller and Hedgepeth (1982, 1985) for
detail) and deduced the modiﬁed constitutive matrix:
½eC  ¼ E
4
2ð1þ PÞ 0 Q
0 2ð1 PÞ Q
Q Q 1
264
375 ðA:15Þ
where P ¼ e11e22e1e2 , Q ¼
2e12
e1e2, and e1 and e2 are the principal strains,
respectively.
The wrinkling model proposed by Ding and Yang (2003) modi-
ﬁed both Young’s modulus and Poisson’s ratio such that
½eC  ¼ eE
1 et2
1 et 0et 1 0
0 0 1et2
264
375 ðA:16Þ
where eE ¼ E1þk1 ; et ¼ tþ k2, eE is the variable Young’s modulus, et is
the variable Poisson’s ratio, k1 and k2 are non-negative variable
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ing the non-linear complementarity problem (Ding and Yang,
2003).
Zhao et al. (2011) took the wrinkled membranes as composed of
orthotropic material with modiﬁed material constants. The consti-
tutive matrix can be expressed as:
½eC  ¼
eE1
1t1et2 et2eE11t1et2 0et1eE1
1t1et2 eE11t1et2 0
0 0 0
266664
377775 ðA:17Þ
where t1 ¼ t (a known quantity), eE1; eE2; et2 are unknown and they
are determined from Eqs. (11)–(13).
A.2.3. Projection matrix
Assuming that the wrinkle-mode deformation produces no
energy, i.e. Akita et al. (2007):
½E^w
T½S^ ¼ 0 ðA:18Þ
where ½E^w is the wrinkle-mode deformation vector which can be
represented by the product of a non-zero value ew and ½U2 i.e.
½E^w ¼ ew½U2, and ½S^ ¼ S1½U1, S1 is the maximum principal stress,
and considering:
½S^ ¼ ½Cð½E^  ½E^wÞ ðA:19Þ
Akita et al. (2007) obtained Eqs. (A.20) and (A.21) from Eq.
(A.18):
½E^w ¼ ½U
2½U2T½C
½U2T½C½U2
½E^ ¼ ½Q ½E^ ðA:20Þ
½E^e ¼ ½E^  ½Q ½E^ ¼ ð½I  ½Q Þ½E^ ¼ ½P½E^ ðA:21Þ
Therefore,
½S^ ¼ ½C½P½E^ ¼ ½eC ½E^ ðA:22Þ
where ½eC  is determined by Eq. (19), ½P is the projection matrix.
Jarasjarungkiat et al. (2009) improved the wrinkling model pro-
posed by Akita et al. (2007) by considering a small compressive
stress in the membrane. Eq. (12) can then be rewritten as:e^S2 ¼ ½U2T½eS  ¼ Salw ðA:23Þ
where Salw is the allowable compressive stress. According to Eqs.
(A.23), (A.2), and (13), the modiﬁed constitutive matrix is obtained
as (Jarasjarungkiat et al., 2009):
½eC  ¼ ½C ½I  j ½U2½U2T½C
½U2T½C½U2
 !
¼ ½C½W ðA:24Þ
where j is the modiﬁcation factor whose magnitude is adjustable
between null and unity (Jarasjarungkiat et al., 2009), ½W is
the projection matrix as deﬁned in Eq. (19). It is clear that
Eq. (19) is very similar to Eq. (A.24) except for the difference
of ½P from ½W. When j disappears, the original constitutive
matrix is restored. When j equals unity, Eq. (19) is obtained
(i.e. ½W ¼ ½P).
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